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ABSTRACT
A three-dimensional truss-based simulation of reinforced concrete is presented in this
study. The truss model has been implemented to simulate the response of columns under
compression, shallow beams under bending, and deep beams under shear. The concrete
truss elements are modeled based on advanced constitutive equations that account for con-
finement dependent hardening followed by softening. The reinforcing steel is modeled as an
elastoplastic material, while the steel-concrete interface is modeled as one of perfect bond-
ing. A computer program with an elaborate graphical interface was developed to implement
this model. The program includes a three-dimensional mesh generation, a pre- and post-
processing interface, and a computational component that implements a non-linear iterative
finite element solution. The computational advantages, as well as the challenges of this
approach are discussed. The model has been calibrated based on an extensive set of pub-
lished experiments, which range in geometry, material parameters, loading, and levels of
reinforcement. The validation of the truss model based on multiple experiments is followed
by detailed observation on the progressive failure patterns that allow for improved insight
of the mechanisms that eventually lead to the failure of columns, shallow beams and deep
beams. This analysis verifies some well-established trends of ductility, strength, and failure
pattern development. It also sheds new light on the limits of the contributions of transverse
reinforcement to the strength and ductility of reinforced concrete elements. In conclusion,
the model presented in this study is a useful research and design tool which enables the
detailed analysis of reinforced concrete elements, where issues of strength, ductility, and
progressive failure patterns can be examined.
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The complex nature of concrete behavior, including compressive nonlinearity, tensile
fracture, interaction with reinforcing steel, and geometric and loading complexities has led
to extensive efforts to simulate the response of reinforced concrete elements. Prevalent
in such studies is the use of the finite element method (FEM) to calculate stresses and
displacements and to provide better insight of the mechanisms that lead to structural failure
[De Borst, 1997, Ghaboussi et al., 1991, Ortiz, 1985] . However, the numerical methods
that are typically implemented are not best suited for the global softening that results due
to local failures. As a result, numerical instabilities in the analysis of complex concrete
problems are common [Bazant, 1976, Bazant and Chang, 1984]. Many studies have been
conducted using specifically designed finite element (FE) techniques aiming to resolve such
problems [De Borst et al., 1993, Kiousis et al., 2010, Liu et al., 2001]. However, the problem
remains to some extent unresolved, as most approaches avoid it through a homogenization
process that simulates for overall behavior with reasonable success but it is computationally
very expensive and fails to provide sufficient insight to the mechanisms that lead to collapse.
1.1 Aims and Solutions
This research project aims to develop a three-dimensional non-linear simulation based on
truss elements with the ability to examine a broad range of concrete structural applications.
The intent is to produce a tool that will allow a more in-depth insight on the failure mecha-
nism of concrete structures. The use of truss elements in simulating the concrete continuum
has important benefits such as, 1) lower number of degrees of freedom, 2) reduced com-
putation effort, 3) simplified material modeling, 4) ability to use secant moduli, which, in
turn, allow softening treatment with positive stiffness. Of course, there are disadvantages in
this approach, including the fact that continuous or semi-continuous mass becomes discrete,
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which cannot easily account for the effects of confinement. The outcome of this study pro-
vides useful insight on the behavior of difficult problems such as deep beams and columns
under complex loading. It is found that, the lattice modeling of heterogeneous materials
enable engineers to simulate the propagation of fracture and compressive collapse, and trace
more efficiently the mechanisms of failure. The truss model (TM) approach is described and
enhanced with experimental analyses examples, which assess the completed development of
fracture and compare it with experimental observations. The analysis is based on highly
non-linear behavior of concrete in tension and compression, elastic-perfectly plastic behavior
of the reinforcing steel, and no-slip bonding of the concrete-steel interface.
1.2 Lattice Models
Lattice Models (LMs) simulate structural elements using beam elements or truss elements
[Bazant et al., 1990, Fraternali et al., 2002, Hansen et al., 1989, Herrmann et al., 1989,
Hrennikoff, 1941, 1940, Kiousis et al., 2010, Li and Ngoc Tran, 2008, Lilliu and van Mier, 2003,
Niwa J. and Tanabe, 1994, Salem, 2004, Schlangen, 1995, Schlangen and Garboczi, 1996,
Schlangen and Van Mier, 1992, Schlangen and Garboczi, 1997, Schlangen, 1993, Van Mier
and Van Vliet, 2003, Van Mier et al., 1994]. Figure 1.1 demonstrates both types of LMs
a) truss element-based (TM) and b) beam element-based (BM). These models have proven
useful to investigate problems in Micro-Scale or Macro-Scale of material. Truss element-
based LMs, in a simple form, intended only to evaluate ultimate structural strength are used
in practice as “Strut and Tie Models” (STMs) to design structural regions, where the basic
assumptions of Euler-Bernoulli mechanics are not valid.
1.3 Why Truss Model (TM)?
Matrix-based solutions for the displacements and forces of truss and beam structures
can be achieved when geometry, boundary conditions, and loads are defined. However, the
complexity of solution increases when the analysis of the structure is implemented in 3D
which depends on the type of structure. Owing to this, selecting the type of structure is
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Figure 1.1: Lattice models (LM), (a) Truss element-based (TM), (b) Beam element-based
(BM).
important for effeciency of solution. The deformation of truss-elements is expressed by a
total of 6 translational degrees of freedom in space along the global x, y and z axes (3 at
each end), as shown in Figure 1.1 a. In contrast, beam elements (Figure 1.1 b) have 12
degrees of freedom, 6 translational and 6 rotational resulting in more computational and
modeling complexity.
In order to simplify the problem from the perspective of size, as well as material modeling,
see Figure 1.1, TM is adopted in this study. The advantages of TMs can be summarized as
follows:
 Lower number of degrees of freedom (DOF), resulting in reduced computation effort.
 Simpler material modeling (only one-dimensional σ − ε relations are required).
 Use of Secant Moduli, which as opposed to Tangent Moduli are positive even under
softening behavior increasing the computational stability of the problems, see Fig-
ure 1.2.
1.4 Objectives and Contributions
The principal objectives of this study are to a) develop a computational tool based on
theoretical aspects of truss discretization of the solid components (concrete and steel) of the
3
Figure 1.2: Secant Moduli vs. Tangent Moduli
concrete structure b) investigate the development of stresses that lead to the gradual failure
of real structures.
The contributions of this study include a) the development of an advanced mesh generator
that allows for the 3D modeling of structural elements; b) the development of a 3D model
based on non-linear brittle concrete elements and elasto-plastic ductile steel elements; c) the
examination of issues of stability of such analysis and d) the use of this model to examine
the development of progressive or sudden failure of steel reinforced concrete elements.
1.5 Dissertation Organization
This dissertation consists of six chapters which are briefly described below:
 Chapter 1 introduces the subject of this study, defines the problem, presents the ob-
jectives, outlines the solution approach using TMs, lists the benefits of this approach,
and summarizes its contributions.
 Chapter 2 presents an introduction to STM including an example of strategic placement
of struts and ties. Literature review of this subject is presented, including past studies
based on the LM approach.
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 Chapter 3 presents a detailed account of the modeling approach, including truss ge-
ometry, element cross-sections and material constitutive models. The algorithm of the
modeling approach is developed. The characteristics of the FE algorithm and the code
features are summarized.
 Chapter 4 presents the validation of TM for shallow and deep beams. The model
parameters are calibrated. Analysis examples are presented on shallow and deep beams,
to assess the development of fracture pattern and compare the outcomes of the analysis
with experimental observations. Examples of development failure during loading steps
are illustrated.
 Chapter 5 presents an introduction and the TM calibration for columns. Simulation
of column geometry is presented. The sensitivity of mesh refinement on the analysis
is investigated. Assessment of the TM for columns is conducted based on comparisons
of experimental observations. Parametric study including the effect of the concrete
strength, the amount of lateral reinforcement and the configuration of lateral rein-
forcement is investigated.
 Chapter 6 summarizes the findings and presents the conclusions of this study.
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CHAPTER 2
INTRODUCTION AND LITERATURE REVIEW
The Strut-and-Tie Model (STM) is a preferred method to design shear dominated steel-
reinforced concrete structures, such as deep beams, as well as parts of other structures in
the regions of concentrated forces, abrupt changes in cross-sectional size and geometry, etc.
A simple truss model approach was proposed by Ritter in 1899 firstly to visualize cracks in
beams [Ritter, 1899]. The method evolved further in Europe in 1980s, and is now part of
main-stream design defined in Appendix A of the code ACI-318 [ACI, 2008].
In general, concrete structural elements can be classified in two main categories; B and
D. Category B is known as Bernoulli regions where the strain distributions across the cross-
sections are linear and where classical beam theory is applicable. Region B is accurate
to assume that cross sectional planes remain plane after loading. Category D regions are
identified as regions where the assumptions of region B are not applicable. They are located
where the classical Bernoulli beam theory doesn’t apply. Such regions include discontinuities
or abrupt change in the geometry, and the proximity concentrated loads. The STM is
commonly used to design D regions. “While well defined theories are available for designing
B regions, thumb rules or empirical equations are still being used to design D regions, though
B and D regions are equally important” [Nagarajan et al., 2009].
Examples of D regions are represented in Figure 2.1, [ACI, 2008]. Figure 2.1 a, Figure 2.1
b, and Figure 2.1 c show D regions with abrupt change in geometry while Figure 2.1 d,
Figure 2.1 e, and Figure 2.1 f illustrate D regions at loading and reaction locations. Guidelines
to design using the STM have been incorporated into international codes for steel-reinforced
concrete structure.
Typically, STM consists of a set of struts, ties and nodal zones. As a result of applying
load on a reinforced concrete member, internal stress paths (tensile and compressive) tend
6
Figure 2.1: Example of D-regions [ACI, 2008].
to develop. The lack of tensile strength of concrete allows the designer to influence these
load paths by placement of reinforcement, which establishes where a tensile path can be
developed, whereas concrete develops compressive stress paths that are such that global and
local equilibrium can be satisfied (Figure 2.2).
Figure 2.2: Alternatives for deep beam truss model [Nilson et al., 2004].
Figure 2.2 illustrates STM for different designs of deep beams. In general, the system
which has lower stored energy or stiff solutions is preferable. Thus, the strut and tie model
of Figure 2.2 b performs better than those of Figure 2.2 c and Figure 2.2 d. Figure 2.2 d can
become unsafe because it uses the tensile bars in the mid height, which may develop their
required tensile force after the lower tie bars have already failed. Figure 2.3 shows a short
cantilever beam loaded at its end. This beam was designed using three different approaches
by Ali and White [2001] to demonstrate the approach for optimal design of reinforced concrete
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structures and the importance of selecting the proper STM. For each design case, a strut and
tie model was selected and the deformation response was recorded. All designs had the same
load capacity which is 1 KN. Design 1 exhibited the worst performance. Cracks propagated
near the support on the top after the yielding of the diagonal steel and resulted in early
failure. Design 2 performed better than design 1 due to a more efficient load path. However,
the splitting in the lower diagonal part of beam led to failure of the diagonal strut. Design
3 produced the best performance. Additional cooperation between tie and strut allowed a
more effecient load dvelopment and improvment of the capacity of the beam [Salem and
Maekawa, 2006].
Figure 2.3: Using three selected solutions of STM for a short cantilever [Ali and White,
2001].
2.1 Strut and Tie Elements
The strategic placement of reinforcement within D regions result in compressive and
tensile zones, where the loads are carried by struts (compresive elements) and ties (tensile
elements-i.e, reinforcement). The STM elements are explained briefly below.
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2.1.1 Struts
Schlaich and Schafer [1991] formalized the shape and strength of characteristics of struts.
They classified struts to three main shapes: prismatic, bottle-shaped, and compression fan.
The shapes of strut depends on the path of forces [Sanders, 2007]. The three different shapes
are shown in the Figure 2.4.
Figure 2.4: Different types of struts.
Prismatic shape is considered the simplest type of struts. It has a uniform cross sectional
area, subjected to a compressive stress [Sanders, 2007].
Bottle-shaped strut is formed when the end of the strut is well defined but the rest of
the strut is not limited to a specific size. A bottle-shaped strut is formed to forces that
disperse from the end to create an expanded body in the middle. Longitudinal cracks can
be developed due to transverse tensile stress caused by the bulging stress trajectories in the
middle. To control such cracks, an appropriate amount of steel reinforcement should be used
and placed across the bottle-shaped strut [Sanders, 2007].
A compression fan is formed when stresses flow from a great area to smaller area. This
type is illustrated in Figure 2.4.
2.1.2 Ties
Ties are members that carry tensile forces and are formed by reinforcing steel. The
contribution of the tensile resistance of the concrete is neglected. Anchorage length of steel
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must be provided to secure the tensile capacity of the ties.
2.1.3 Nodes
Nodes are typically classified based on the direction of the three forces that converge to
them Figure 2.5. Most design codes do not allow models with TTT nodes, while a number
of papers, like Bergmeister et al. [1993], recognize the possibility of TTT nodes. Typically,
these nodes can be defined as following; the CCC node is formulated by struts only, the
CCT is at the intersection of two struts and one tie, the CTT node is at the intersection of
one strut and two ties or more and finally, the TTT node is formed only by ties [Sanders,
2007]. Dimensions of the nodal zones are such as to produce two dimensional hydrostatic
compression within the node of a magnitude that depends on the size and forces of the
converting struts and ties.
Figure 2.5: Different types of nodes [Nilson et al., 2004].
2.2 Truss Model Analogy
Steel reinforced concrete structures can be modeled using trusses. Truss structures can
behave in similar way globally to solid structure. However, they distribute the internal forces
in a discrete rather than continuous way. A truss model can describe the behavior of concrete
structure externally and internally if steel reinforcement is provided where needed to carry
the internal tensile loads. Simple truss models have been used to model the shear mechanism
of RC beams for more than 100 years (e.g Mörsch 1908). Truss models have been gradually
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evolved to address more general behavior. Some of considerable studies are summarized in
the next section.
2.3 Past Endeavors of Lattice Models
Lattice models have been introduced over the last 70 years, either at the scale of the micro-
structure or at a higher scale level. Hrennikoff was the first to apply a framework method
(lattice models) in 1940 and 1941. He demonstrated his models in two dimensions with
different patterns of trusses to solve a plane elastic plate problem. Figure 2.6 demonstrates
the different patterns of the lattice models.
Figure 2.6: Three different patterns of lattice model for plane stress problems (a) Square
pattern, (b) Rectangular pattern, (c) Triangular pattern.
The lack of computational power at that time led this model to remain strictly theoretical
and received little attention. The advent of the computer technology and the development
of the FEM has allowed the reexamination of complicated structural problems using lattice
methods.
2.3.1 Beam-Element-Based Lattice Models
LM was reintroduced by Herrmann, Hansen and Roux in 1989. They proposed their
model in two dimensions to simulate progressive failure in brittle disordered materials.
In their study, the heterogeneous solid is investigated using elastic beam elements in a
mesoscopic level. They introduced the fundamentals for a conventional lattice model intro-
duced later by van Mier, Schlangen, Lilliu and van Vliet[Bazant et al., 1990, Lilliu and van
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Mier, 2003, Schlangen, 1995, Schlangen and Garboczi, 1996, Schlangen and Van Mier, 1992,
Schlangen and Garboczi, 1997, Schlangen, 1993, Van Mier and Van Vliet, 2003, Van Mier
et al., 1994] Schlangen and Mier in 1992 improved the regular square lattice and introduced
a regular triangular lattice mesh using beam elements (Figure 2.7 a). The triangular lattice
mesh is projected on top of the material .The elements are given properties with respect the
location of their contents, (Figure 2.7 b and Figure 2.7 c).
Figure 2.7: (a) Regular triangular mesh, (b) Triangular lattice projected on the material and
(c) Definition of material contents (aggregate, bond and matrix) beams. ([Schlangen and
Van Mier, 1992]).
The results of the analysis matched reasonably well their experimental observations.
Figure 2.8 demonstrates some of their predictions of the gradient in the cracks and their
branches patterns. For example, branches in (1) decrease with the increase of bond strength
in (2) and then (3) [Schlangen and Van Mier, 1992].
Figure 2.8: Comparison of final crack and their branches patterns with increasing of bond
strength [Schlangen and Van Mier, 1992].
2.3.2 Truss Element-Based Lattice Models
Using truss elements instead of beam element in lattice models to describe the behavior
of concrete has also been used in the past [Bazant, 1997, Fraternali et al., 2002, Kiousis et al.,
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2010, Li and Ngoc Tran, 2008, Papadopoulos and Xenidis, 1999, Salem, 2004]. A modified
lattice model was introduced by Niwa J. and Tanabe [1994] to investigate the mechanism of
shear resisting for a flexural beam. Niwa’s model is shown in Figure 2.9.
Figure 2.9: Modified lattice model (a) Concrete beam model, (b) Cross section of concrete
beam [Niwa J. and Tanabe, 1994].
The model was applied in a macroscopic scale and the beam cross-section was divided
into five regions as shown in Figure 2.9 b. The steel of the shear resistance is placed into
the vertical members and the steel of the bending resistance is placed into the horizontal
members. The Niwa model is not applicable to complicated structures such as deep beams.
The improved micro truss model by Salem in 2004 performed better than Niwa’s model
by using smaller scale to predict cracks pattern in concrete deep beams. The structure is
discretized by a fine mesh of uniformly distributed joints which are linked by truss elements.
The general form of the model is comprised of horizontal, vertical and diagonal truss bars
connected to all immediate neighboring joints. The cross sectional area of each element is
equal to the average distance between elements multiplied by the thickness. The bars carry
only axial forces, tension or compression with two degrees of freedom at each end.
Steel reinforcement can be integrated into structure horizontally, vertically and diago-
nally (Figure 2.10). The procedure is briefly summarized based on the flowchart shown in
Figure 2.11. The stiffness equilibrium equation (2.1) is solved under load increments.
[Kg].{∆d} = {∆f} (2.1)
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Figure 2.10: Regular mesh of structure with reinforcement [Salem, 2004].
where [Kg] is the global stiffness matrix of structure, {∆d} is the vector of incremental
displacement and {∆f} is the vector of incremental load.
Figure 2.11: Flowchart of the methodology [Salem, 2004].
In summary, Salem illustrated a successful model in two-dimensions. The model was
validated based on two experiments published by Shin [1988] and Ashour [1997] on a shallow
beam and a continuous deep beam respectively where good agreement of model prediction
and experimental observations was demonstrated. Figure 2.12 a presents a shallow beam
subjected to a two-point load which was tested by Shin [1988], Figure 2.12 b presents the
deflection and cracking pattern obtained based on the numerical model of Salem, and Fig-
14
Figure 2.12: (a) Deep Beam Layout from Shin [1988] and (b) Deflection Layout [Salem,
2004].
ure 2.12 c presents the relationship between deflection and load.
A more recent model for simulation of concrete columns in compression based on truss
modeling has been presented by Kiousis et al. [2010]. The model is two-dimensional and
is applied on short columns under pure compression. The nonlinear behavior of simulated
columns adopts advanced constitutive equations which take into consideration the confine-
ment of concrete. The one-dimensional constitutive model proposed by Kent and Park [1971]
was adopted. The analysis was based on the secant modulus of full stress-strain relation, in-
cluding the softening branch, aiming to maintain a positive stiffness throughout the analysis
[Kiousis et al., 2010]. The concrete truss model in Figure 2.13 b is designed to provide the
same elastic stiffness of the continuum concrete in Figure 2.13 a under plane stress condi-
tions. This approach represents the initial stiffness of concrete at the early stage of loading
which needs subsequent corrections for tensile strength as explained in that study.
The cross sectional areas of the truss model elements, shown in Figure 2.13 b,AH , AV
and AD are derived based on equation 2.2, which expresses the relation of plane stress for



















where E is the modulus of elasticity and v is the Poisson’s ratio.
The strain-nodal force relations can be obtained by associating the truss dimensions a, b
and d to produce the equivalent stiffness equation 2.3 given below;
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Figure 2.13: (a) Plane stress-strain for continuum concrete and (b) Concrete truss elements


























AH , AV and AD can be obtained easily by equating the matrix coefficients of equation





























where the length of the diagonal element=
√
a2 + b2. Note that these areas must be
positive. Thus, for Poisson’s ratio= 0.2 , ( b
a







[Kiousis et al., 2010].
The calculated cross sectional areas address the equivalent initial stiffness. When a
structure is loaded in compression, see Figure 2.14 the horizontal elements are ruptured first
due to tensile stresses caused by the transverse movement of the structure.
Thus, these elements seize to participate in the resistance to the vertical loads, a fact
that is ignored by the elastic solution. Kiousis et al. [2010] addressed this issue by adjust-
ing the cross sectional area of each element so that the truss lattice results in the same
16
Figure 2.14: Truss model geometry [Kiousis et al., 2010].
Figure 2.15: Configuration of confined and unconfined regions within column [Kiousis et al.,
2010].
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ultimate strength as an equivalent concrete element. To simulate the response of columns
to loads, Kiousis et al. [2010] considered the following issues: 1) Definition of the confined
and unconfined regions according to Mander et al. [1988] and Karabinis and Kiousis [1996]
(Figure 2.15), 2) Selection of the proper truss unit shape (long, square, short) as shown in
Figure 2.14, and 3) use of constitutive equations that account for the three dimensional state
of stresses. Confined region is the region influenced by the tie transverse forces, while, the
remaining region, which is shown by the shaded area in Figure 2.15 is unconfined. Two-
dimensional simulations presented by Kiousis et al. [2010] indicate that such models can be
reasonably successful (Figure 2.16).
Figure 2.16: Experimental and numerical comparison, (a) Simulation of column 6 [Scott
et al., 1982] and (b) Simulation of column 3 [RazviI and Saatcioglu, 1989], [Kiousis et al.,
2010].
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A generic problem that exists with truss simulations, where elements are allowed to fail,
is the creation of “islands” of load-carrying elements surrounded by failed elements. These
“islands” are unsupported, resulting in numerical instabilities. Kiousis et al. [2010] resolved
this issue by introducing soft elastic springs connecting each node to a virtual rigid wall
behind the truss plane. Kiousis et al. [2010] point out that simulation of three dimensional
problems by using two dimensional analyses limits the accuracy of the results. For example,
octagonal, or diamond configuration of stirrups such that are used in Figure 2.16 a cannot
be taken into consideration easily in two dimensional simulations.
However, the study demonstrated that reasonable predictions of column response to uni-
axial compression are possible, especially in examining the effects of confining reinforcement.
It was concluded that “three dimensional truss simulation is expected to address most of the




This study aims to develop a three-dimensional non-linear truss model with the ability
to examine a broad range of concrete structural applications. The intent is to produce a
tool that will allow better and more accurate insight on the failure mechanism of concrete
structures.
Use of truss elements, rather than beam elements has been selected. This approach has
the following benefits, 1) It has a lower number of degrees of freedom, 2) It reduces the
computation effort, 3) It simplifies the material modeling and 4) It enables possible the use
of secant moduli, which, in turn, allow softening treatment without introducing negative
stiffness. This approach is implemented to analyze beams (shallow and deep) subjected
to concentrated loading and columns subjected to concentric loading. It is expected that
columns under eccentric loads can also be examined with this model. However, the prediction
of the model for such problems was outside the scope of this project.
3.1 The Analytical Model
A typical example of a 3D truss model of a concrete structure is presented in Figure 3.1.
This truss network consists of truss brick units (Figure 3.2) based on 8 neighboring nodes
fully interconnected, but without space diagonals.
Axial (cyan color) and transverse (red color) reinforcement is introduced by truss elements
that coexist in space with concrete elements and share the same nodes (Figure 3.1).
The selected model adopts the conventional linear and nonlinear analysis of stiffness ma-
trix method. The force and displacement of each element are determined by the displacement
of the end nodes which have three degrees of freedom along the x, y, and z orientations.
20
Figure 3.1: General form of truss model.
Figure 3.2: Truss brick unit.
21
3.2 Concrete Axial Stress Strain Relation
Due to heterogeneity of the concrete material, realistic predictions of the structural ele-
ment response cannot be obtained easily. The selected constitutive model of the stress-strain
behavior is demonstrated in Figure 3.3.
Figure 3.3: Stress-strain relation of concrete.
A smeared crack approach is employed in modeling of the tensile behavior of the con-
crete element based on equations 3.5-3.7 of Belarbi and Hsu [1994] to describe the fact that
physical tensile failures in real structures occur over narrow fracture zones, which, with the
help of tensile reinforcement, result in some residual tensile strength over a finite length.
In this approach, concrete in tension is modeled as linear-elastic up to its tensile strength
followed by exponential decay as shown in Figure 3.3. This behavior, known as tension stiff-
ening reflects the behavior of concrete due to its interaction with reinforcing steel. Concrete
under compression consists of three regions, elastic, linear softening and residual perfectly
plastic. The overall behavior of the model is expressed mathematically in accordance with
the equations shown on the curves as follows:
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Elastic region in tension (0 ≤ ε ≤ εct)
ft = Ecεct (3.1)
Elastic region in compression (0 ≥ ε ≥ εco)
fc = Ecoεco (3.2)





f ′c is the compressive strength of concrete. Ec is the concrete modulus and Eco is the




εct, εco and εc are the strain at peak tensile stress, the strain at peak compressive stress
and the concrete strain respectively.
The second region of the post-peak response of concrete in the tension part is modeled











The strain at peak tensile stress εct is taken as εct = Eco/ft = 0.00008 and the power is
taken as n = 0.4.
It was found in this study that equation 3.5 resulted in better model predictions when





where the strain at peak tensile stress is taken as εct = 0.000132
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In the discrete material modeling, resulting from truss simulation, confinement of a con-
crete element cannot develop, since each element is naturally unconfined.Thus confinement
must be calculated and then introduced to each element. The confining stress is calculated





where Fl is the average force of the ties in x and y directions along the length of the
structural element (beam or column), s is the tie spacing and bc is the depth of the column
cross section.
Figure 3.4: Confining pressure developed by ties reinforcement.
The post-peak response of concrete up to the crushing strain εcu is modeled as
fc = f
′
c[1 + Zmc(εc + εco)] (3.10)
Where Zmc is slope of the post-peak stress relation of concrete. Samra [1990] has intro-











where ρs is the volumetric ratio of transverse steel content and is calculated based on the
volume of the confined core, bc is the core width and S is the spacing of lateral reinforcement,
see Figure 3.4. Note that, the yield strength fy of steel is absent in equation 3.11. “This
is based on Cohn and Ghosh [1972], who found that column ductility is influenced much
more by the amount and spacing of transverse reinforcement than it is by its grade” [Kiousis
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et al., 2010]. Equation 3.11 determines the softening coefficient Zmc based on transverse steel
content and spacing by using an indirect and design oriented approach. Equation 3.11 is
evaluated based on Kiousis et al. [2010] for three different compressive strength of 28, 42 and
56 MPa and reproduced in equation 3.12. The evaluation includes a variety of core widths,
and spacing of lateral reinforcement and diameters, and interpreted to confining stress fl










where f ′co is reference compression strength and selected as 28 MPa. Figure 3.5 demon-
strates comparisons of equation 3.11 for different concrete compressive strengths to the pre-
sented equation 3.12.
Figure 3.5: Modeling of softening coefficient, [Kiousis et al., 2010].
The last branch of the constitutive model (Figure 3.3) in the compression side represents
the residual strength f ′ccr when concrete crush for strain corresponding to stress 0.3f
′
c and
modeled as in equation 3.13 (ε ≤ ε0.3). This assumption could sustain strain to infinity.




3.3 Steel Axial Stress-Strain Relation
The stress-strain relation for reinforcing steel bars is shown in Figure 3.6. The behavior
is identical in tension and compression and is expressed mathematically as follows:
For the elastic range in tension and compression (−εy ≤ εs ≤ εsy)
fs = Es.εs (3.14)
For the plastic range in tension (εs ≥ εsy)
fs = fy (3.15)
For the plastic range in compression
fs = −fy (3.16)
where the negative sign indicates compression.
Figure 3.6: Elastic-perfectly plastic model of steel reinforcement.
3.4 Evaluation of Concrete Members Areas
Determination of cross sectional areas of concrete members in order to simulate the
concrete block behavior is not straightforward. Many solutions are possible. For example
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a truss unit (Figure 3.2) may be designed to consist of elements that provide the same
stiffness as an equal site solid block. Alternatively a unit may be designed to have the same
compressive strength as an equal size solid block. The approach presented by Kiousis et al.
[2010] is adopted here by extending it to three dimensions (Figure 3.7). A unit or cell of
TM is designed to provide the same response (stiffness or strength) as a continuum concrete
prism subjected to normal stresses in three dimensions (Figure 3.7).
Figure 3.7: Truss model of a brick element, (a) Stress-strain of plain concrete and (b)
Equivalent unit of truss model.
3.4.1 Method of Equal Stiffness Simulation
The approach to produce the same stiffness is based on Hooke’s law, which relates the
general states of stress and strain in a three-dimensional solid. In this study, the general
three-dimensional principal stress-strain equations are used to simplify the derivation of cross
sectional areas of concrete members, by avoiding shears. The general expression of Hooke’s













Where εx,εy and εz are strains and σx,σy and σz are normal stresses in the planes yz,xz
and xy respectively. E is the modulus of elasticity, and v is Poisson’s ratio for the elastic
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 = E(1 + v)(1− 2v)
 1− v v vv 1− v v







The basic element of the truss in x direction is shown in Figure 3.8 below. The one
dimensional rod element of the Lattice has a cross sectional area Ae, length Le, and Young’s
modulus E.
Figure 3.8: One element of truss model in x direction.
From Hooke’s Law:
σx = εxE (3.19)












Equation 3.21 may be formulated in the directions y and z as well, so the matrix equation




















where the element dimensions a, b and d are defined in Figure 3.7 a and Figure 3.7 b,
ux, uy and uz are the nodes displacements corresponding to axis x, y, and z. The equation
3.20 can be rearranged into the form:


















Finally, equation 3.25 is the equivalent nodal stiffness equation obtained from the solid
material stress-strain relationship of plain concrete and it can be formulated by substituting


























Now, the nodal force-displacement relation for the truss of Figure 3.7 b can be established
by assembling the element’s stiffness matrices (Equation 3.26) in the global form of the
analytical model.
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(xj − xi)2 + (yj − yi)2 + (zj − zi)2 and x, y and z are coordinates of the










Figure 3.10: Member end forces and displacements in the global coordinates system.
Due to symmetrical behavior of the nodes of the analytical model, node number (1) as
shown in Figure 3.9 can be considered identical for all other nodes. Thus, the global stiffness
matrix of the block has size of 24× 24 and can be written as















































































The stiffness matrix in equation 3.25 is identical to the top 3 × 3 part of the matrix of













































where, A1, A2, and A3 are cross sectional areas corresponding to elements that are par-
allel to x, y and z axis respectively, and areas A4, A5, and A6 are cross sectional areas
corresponding to the diagonal elements located in planes yz, xz and xy respectively. To
ensure that cross sectional areas A1 , A2 , and A3 are positive, truss model dimensions are
assumed to be equals, a = b = d.
3.4.2 Method of Equal Strength Simulation
The outlined approach of the previous section addresses the equivalent stiffness of truss
to that of a solid concrete prism. However, it doesn’t address the strength issue. When
the truss is loaded in compression, for instance in y direction, see Figure 3.11 B, the cracks
in tensioned members in Figure 3.11 (positive forces in the horizontal elements at bottom)
develop early when there is no transverse restriction such as reinforcement to resist the
developed deformation. Consequently, those members don’t participate in the latter loading
processes. This issue must be accounted for by proportioning the truss elements to provide
the equivalent strength of the actual cross section of the solid concrete prism (Figure 3.7 a).
In order to evaluate the cross sectional areas of members based on strength method, the
brick unit is assumed to be a cube that is loaded in axial compression by applying an external
unit force (1 kN) with boundary conditions as illustrated in Figure 3.11 A and Figure 3.11
B. Note that only a cube configuration (a = b = d) is considered.
The internal forces for each member can be calculated from the structural analysis of
the truss unit (Figure 3.11 C) and only the maximum force developed in the all members is
considered which is equal to −0.158kN . This concept can be applied for the other directions
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Figure 3.11: Applied loads, boundary conditions and members forces of truss model unit.
(x and z). The strength of the truss elements (Figure 3.11 C) must be equal to that of the
equivalent concrete block (Figure 3.11 A). Hence, the stress due to applied unit load on the
concrete block corresponding to the y direction is equal to the stress developed in the vertical




). Thus, the products of member force and the corresponding actual
cross sectional area is calculated based on this concept as follows:
Cross sectional areas of vertical and horizontal members which are parallel to axis x, y
and z are equal to the member force × corresponding actual area.
A1 = 0.158b.d.CF (3.34)
A2 = 0.158a.d.CF (3.35)
A3 = 0.158a.b.CF (3.36)















where CF is an area correction factor for the vertical, horizontal, and diagonal members.
3.5 Algorithm of Analysis
The algorithm demonstrated in Figure 3.12 is established to create a finite element code
for TM. The solution is achieved through an iterative process where the displacement con-
trolled stiffness of each element is adjusted to achieve compatibility of deformation and
stiffness.
3.6 Finite Element Code
The computer programs 3D-Beams and 3D-Columns have been developed to implement
the three-dimensional non-linear algorithm discussed earlier. The code is written in object
Pascal using the Borland, Delphi7 software.
The graphical user interface (GUI), see Figure 3.15 and Figure 3.16 enables the user to
define the structural geometry, the material parameters, and the applied loads or imposed
deformation. The modeling of the structural geometry can be refined to any desired level
of element size. It should be noted however that 3D refinements can quickly result in very
time consuming solutions. Different types of boundary conditions such as, roller, pinned and
fixed supports are available as well with assignable values of fixed translation. Examples of
beam and column simulation including their reinforcement are presented in Figure 3.13 and
Figure 3.14respectively.
The programs display live the effects of loading, demonstrating the evolution of fracture
patterns. Figure 3.15 and Figure 3.16 display the interface of 3D-Beams and 3D-Columns
codes respectively.
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Figure 3.12: Algorithmic solution of truss model.
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Figure 3.13: Geometry and typical reinforcement of beam truss model.
Figure 3.14: Geometry and typical reinforcement of column truss model.
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Figure 3.15: Interface of 3D-Beams code.
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A truss-based simulation of reinforced concrete beams (shallow and deep) is presented
in this chapter. A beam is discretized into a network of concrete and steel truss elements
connected at nodes. The concrete truss elements are modeled using the constitutive model
described in section 3.2. The steel elements are modeled as linearly elastically and perfectly
plastic as described in section 3.3. The TM is evaluated based on extensive comparisons with
published experimental results considering a wide range of specimen’s sizes and material
properties.
4.1 Assessment of the TM Using Available Experimental Results for Beams
To evaluate the capability of the TM, a number of simulations of physically tested beams
have been performed. The objective is to demonstrate the ability of the TM to predict
the behavior of beams with a wide variety in geometry, material properties, and loading
conditions.
Fourteen shallow beams and seventeen deep beams were investigated. The beams varied
in width, depth, length, reinforcement ratio, concrete strength and load configurations.
All beams were loaded monotonically to failure. The geometric characteristics and ma-
terial properties of the beams that were examined in the study are presented in Table 4.1,
Table 4.2, Table 4.3, Table 4.4, Table 4.5, Table 4.6, Table 4.7, Table 4.8, Table 4.9 and
Table 4.10 and Figure 4.1, Figure 4.2, Figure 4.3, Figure 4.4 and Figure 4.5.
The steel strength in these experiments varied fromfy = 311 MPa to fy = 1026 MPa.
The concrete strength varied fromfc′ = 24.8 to fc′ = 102.4 MPa. The longitudinal rein-
forcement ratio varied from ρ = 0.88% to ρ = 2.37%. Finally, the transverse reinforcement
ratio ρw varied from ρw = 0 toρw = 0.84%.
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Table 4.1: Geometry and reinforcements of Burns and Siess, 1966 specimens.
Burns et al, 1966
Beam #
Geometry (m) Long Rein (metric) Vertical Reinf
L b d h Tension Compression Dia & Spacing
j-1 3.66 0.203 0.254 0.305 2 # 25 - #10-152 mm
j-10 3.66 0.203 0.3556 0.406 2 # 25 - #10-152 mm
j-11 3.66 0.203 0.254 0.305 2 # 25 - #10-152 mm
Table 4.2: Percentages of steel and material properties for Burns and Siess, 1966 specimens.
Beam # ρ% ρw% a/d f
′
c(MPa) fy (MPa)
j-1 1.97 0.507 7.2 34 328.2
j-10 1.4 0.511 7.14 24.8 311
j-11 1.4 0.507 7.14 28.34 323.36
Figure 4.1: Geometry and reinforcements of Burns and Siess, 1966, specimens.
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Table 4.3: Geometry and reinforcements of Ashour, 2000 specimens.
Ashour, 2000
Beam #
Geometry (m) Long Reinforcement (metric) Vertical Reinf
L b d h Tension Compression Dia & Spacing
B-N2
3.08 0.2 0.215 0.25
2 Ø18









Table 4.4: Percentages of steel and material properties for Ashour, 2000 specimens.




















Table 4.5: Geometry and reinforcements Lertsrisakulrat et al., 2002 specimens.
Lertsrisakulrat et al, 2002
Beam #
Geometry (m) Long Reinforcement (metric) Vertical Reinf




















Figure 4.2: Geometry and reinforcements of Ashour, 2000, specimens.
Table 4.6: Percentages of steel and material properties for Lertsrisakulrat et al., 2002 speci-
mens.




















Table 4.7: Geometry and reinforcements of Au and Bai, 2007specimens.
Au and Bai, 2007
Beam #
Geometry (m) Long Reinforcement Vertical Reinf









Figure 4.3: Geometry and reinforcements of Lertsrisakulrat et al., 2002 specimens.
Table 4.8: Percentages of steel and material properties for Au and Bai, 2007 specimens.
Beam # ρ% ρw% a/d f
′
c(MPa) fy(MPa)
B1 1.16 0.72 5
52 488
B2 1.96 0.816 5.2
Figure 4.4: Geometry and reinforcements of Au and Bai, 2007 specimens.
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Table 4.9: Geometry and reinforcements of Salamy et al., 2007 specimens.
Salamy et al, 2007
Beam #
Geometry (m) Long Reinforcement Vertical Reinf
L b d h c a Tension Compression Dia & Spacing
B4 0.7














2.25 0.36 0.6 0.675 0.45 0.9 9D25 2D16 -
B10.3-2
Table 4.10: Percentages of steel and material properties for Salamy et al., 2007 specimens.



















Figure 4.5: Geometry and reinforcements of Salamy et al., 2007 specimens.
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4.2 Model Calibration
The complexity and diversity of the failure mechanisms within reinforced concrete ele-
ments cannot be completely captured by the TM. For example, whereas a failed concrete
mass within a beam is partially confined by the surrounding concrete and steel reinforcement,
a truss model simply loses any member that has failed. Similarly, tensile failure results in
cracks which are arrested by tensile and shear reinforcement. This in turn results leads in
concrete that is effectively partially active even after tensile failure. Such behavior cannot
be completely captured by truss model.
The objective in this section, therefore, is to address the method shortcomings and to
calibrate the TM by investigating the performance of the numerical simulation of reinforced
concrete (RC) beams (shallow and deep).
For the purposes of this study, the steel reinforcement is modeled with truss elements
that use the same nodes as the concrete truss element, thus enforcing perfect bonding be-
tween steel and concrete when concrete has not failed. Thus, the effects of potential slip of
reinforcement are not fully modeled.
The process of calibration is achieved based on adjusting the cross-sectional area of the
concrete elements of TM. This adjustment is required due to the diversity and large variation
in the properties of materials such as concrete strength (fc′), steel strength (fy), longitudinal
steel ratio (ρ) and transverse steel ratio(ρw).
It is found that, the concrete member cross-sectional area has a significant effect on the
performance of the numerical simulation when the compressive strength of concrete varies,
which needs to be calibrated. Therefore, cross-sectional areas of the concrete members are
adjusted by using a correction factor (CF) as a function of concrete strength fc′.
4.2.1 Evaluation of CF
The results of the numerical simulation of the experimental behavior are calibrated by
adjusting factor CF. An example of the influence of CF in the performance of the numerical
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simulation is presented here and shown in Figure 4.6.
Figure 4.6: Sensitivity to CF factor.
As expected, increasing the magnitude of CF increases the strength and the stiffness of
the specimen. The derived cross sectional areas based on the method of equal compressive
strength simulation, which was presented in section 3.4.2, results in optimal agreement with
the actual response when the areas are magnified to 50% (CF=1.5) for the beam of Figure 4.6.
Based on calibration experiments, it is found that, CF is sensitive to the concrete strength
(fc′)as presented in Figure 4.7 and Figure 4.8 for shallow and deep beams respectively.
It is observed in Figure 4.7 and Figure 4.8 that the CF values in shallow beams when
(a/d > 2.5) tend to be less than one, within the range (0.5−0.8) for a wide range of concrete
strength fc′ (100 − 30) Mpa while in deep beams when (a/d ≤ 2.5) this range is limited
between (1.5 and 2) for concrete strength within fc′ (43− 27) Mpa. It is also noted that the
required cross sectional areas of deep beams elements tend to be larger than cross sectional
areas of shallow beams’ elements, roughly about 3 times.
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Figure 4.7: Correlation between correction factor (CF) and compressive strength of concrete
(fc’) for shallow beams.
The relations of Figure 4.7 and Figure 4.8 are adopted in the numerical analysis of this
study to predict the response of shallow and deep beams respectively.
Table 4.11, Table 4.12, Table 4.13, Table 4.14 and Table 4.15 summarize the CF parameter
applied in the simulation based on the Equation 4.1 for shallow beams and Equation 4.2 for
deep beams.
CF = 0.88− 0.0037fc′ (4.1)
CF = 2.97− 0.0342fc′ (4.2)
where fc′ is the concrete strength and CF is the correction factor of concrete member
cross-sectional area.
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Figure 4.8: Correlation between correction factor (CF) and compressive strength of concrete
(fc’) for deep beams.





4.3 Simulation of Beams
The finite element computer code (3D-Beams) which has been developed by the author
is utilized for the three-dimensional analysis of concrete beams using the nonlinear truss
model TM. Due to symmetry, the computational simulation is performed on half-beams
with properly adjusted boundary conditions as shown in Figure 4.9. This procedure allows
higher geometry refinement, and thus higher accuracy.
In all physical experiments considered here (Figure 4.1, Figure 4.2, Figure 4.3, Figure 4.4
and Figure 4.5), the load was applied through bearing steel plates in order to distribute the
load stress over a certain area under the load point to avoid the local compression failure. To
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Figure 4.9: Simulation of beams.
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simulate this issue, the cross sectional areas of the elements that connect to the node of load
application are increased ten (10) times the original cross sectional areas of those elements.
4.4 Simulation of Geometry
It should be noted that, the geometric simulation of the longitudinal and transversal steel
reinforcement of the actual beam may not be exact when coarse discretization is used, if there
are no nodal points where the reinforcement is required to be placed. This is demonstrated
in Figure 4.10 a. As discussed in section 3.4.2, truss simulation is performed by cube units
(all edges have the same length). The arrangement of the longitudinal reinforcement of
beam cannot be placed accurately in its position when the mesh size is greater than the
concrete cover, (Figure 4.10 a and Figure 4.10 c). Longitudinal reinforcement in the actual
beam Figure 4.10 a can be represented without considering bottom cover as illustrated in the
Figure 4.10 b. In addition, the position of the transverse reinforcement may also be adjusted
by considering the whole width (b) without side covers and replacing the total depth (h)
with the effective depth (d). The reinforcement (longitudinal and ties) is placed at the edges
as illustrated in Figure 4.10 c. These approximations do not have a significant effect on the
capacity of the beam when compared to a model with more accurate geometry.
Figure 4.10: Simulation of geometry.
50
4.5 Comparisons with Experimental Studies
Comparisons of the experimental result and analytical prediction of the measured load
versus mid-span deflection response of beams are demonstrated in Figure 4.11, Figure 4.12,
Figure 4.14, Figure 4.15, Figure 4.16, Figure 4.18, Figure 4.19, Figure 4.20, Figure 4.21,
Figure 4.22, Figure 4.23, Figure 4.24, Figure 4.25, Figure 4.26, Figure 4.28, Figure 4.29,
Figure 4.30, Figure 4.31, Figure 4.32, Figure 4.33, Figure 4.34, Figure 4.35, Figure 4.37,
Figure 4.38, Figure 4.39, Figure 4.40, Figure 4.41, Figure 4.42, Figure 4.43, Figure 4.44 and
Figure 4.45. Comparisons of the peak load and peak deflection are presented in Figure 4.13,
Figure 4.17, Figure 4.27, Figure 4.36 and Figure 4.46.
The analytical results of the measured load versus the mid-span deflection response of
specimens exhibit good agreement to the experimentally observed behavior for the shallow
beams (a/d > 2.5) and deep beams (a/d ≤ 2.5). The model fails in some cases of deep
beams to capture the ultimate strength as demonstrated in the cases of beams D408, D604
and D608 (Figure 4.42, Figure 4.44 and Figure 4.45). Nevertheless, the agreement of the
peak deflection is still reasonably close to the real response as demonstrated in Figure 4.46.
The load-deflection relation of RC simply supported beams can be divided roughly into
two regions or stages; linear stage which is in the range between the initial loading and the
peak of the ultimate strength and the second region which is the softening stage beyond the
ultimate peak strength to the failure. The two stages are captured by TM as demonstrated
in the Figure 4.11-Figure 4.12, Figure 4.14-Figure 4.16, Figure 4.18-Figure 4.26, Figure 4.28-
Figure 4.35, and Figure 4.37-Figure 4.45. It is observed that as tensile cracking progressively
increases at bottom of beams, the steel carries most tensile load. Especially in the case deep
beams, the ascending curve of the response (initial loading to peak strength) is not linear
and demonstrates a gradual loss of stiffness. This behavior is demonstrated in beams B4,
B6, B7, B8, B10.3-1 and B10.3-2 (Figure 4.28 through Figure 4.35). In most cases the TM
captured both the ascending and descending.
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Figure 4.11: Comparison of load versus mid-span deflection response for shallow beam (B1),
[Au and Bai, 2007] specimens.
Figure 4.12: Comparison of load versus mid-span deflection response for shallow beam (B2),
[Au and Bai, 2007] specimens.
52
Figure 4.13: Comparison of peak load and peak deflection for Au and Bai, 2007 specimens
(B1 & B2).
Figure 4.14: Comparison of load versus mid-span deflection response for shallow beam (j-1),
[Burns and Siess, 1966] specimens.
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Figure 4.15: Comparison of load versus mid-span deflection response for shallow beam (j-10),
[Burns and Siess, 1966] specimens.
Figure 4.16: Comparison of load versus mid-span deflection response for shallow beam (j-11),
[Burns and Siess, 1966] specimens.
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Figure 4.17: Comparison of peak load and peak deflection for Burns and Siess, 1966 speci-
mens (j-1, j-10 & j-11).
Figure 4.18: Comparison of load versus mid-span deflection response for shallow beam (B-
N2), [Ashour, 2000] specimens.
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Figure 4.19: Comparison of load versus mid-span deflection response for shallow beam (B-
M2), [Ashour, 2000] specimens.
Figure 4.20: Comparison of load versus mid-span deflection response for shallow beam (B-
H2), [Ashour, 2000] specimens.
56
Figure 4.21: Comparison of load versus mid-span deflection response for shallow beam (B-
N3), [Ashour, 2000] specimens.
Figure 4.22: Comparison of load versus mid-span deflection response for shallow beam (B-
M3), [Ashour, 2000] specimens.
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Figure 4.23: Comparison of load versus mid-span deflection response for shallow beam (B-
H3), [Ashour, 2000] specimens.
Figure 4.24: Comparison of load versus mid-span deflection response for shallow beam (B-
N4), [Ashour, 2000] specimens.
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Figure 4.25: Comparison of load versus mid-span deflection response for shallow beam (B-
M4), [Ashour, 2000] specimens.
Figure 4.26: Comparison of load versus mid-span deflection response for shallow beam (B-
H4), [Ashour, 2000] specimens.
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Figure 4.27: Comparison of peak load and peak deflection for Ashour, 2000 specimens (B-N2
to B-H4).
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Figure 4.28: Comparison of load versus mid-span deflection response for deep beam (B4),
(Salamy et al, 2007) specimens.
Figure 4.29: Comparison of load versus mid-span deflection response for deep beam (B6),
(Salamy et al, 2007) specimens.
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Figure 4.30: Comparison of load versus mid-span deflection response for deep beam (B7),
(Salamy et al, 2007) specimens.
Figure 4.31: Comparison of load versus mid-span deflection response for deep beam (B8),
(Salamy et al, 2007) specimens.
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Figure 4.32: Comparison of load versus mid-span deflection response for deep beam (B10.3-
1), (Salamy et al, 2007) specimens.
Figure 4.33: Comparison of load versus mid-span deflection response for deep beam (B10.3-
2), (Salamy et al, 2007) specimens.
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Figure 4.34: Comparison of load versus mid-span deflection response for deep beam (B11),
(Salamy et al, 2007) specimens.
Figure 4.35: Comparison of load versus mid-span deflection response for deep beam (B12),
(Salamy et al, 2007) specimens.
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Figure 4.36: Comparison of peak load and peak deflection for Salamy et al, 2007 specimens
(B4 to B12).
Figure 4.37: Comparison of load versus mid-span deflection response for deep beam (D200),
(Lertsrisakulrat et al, 2002) specimens.
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Figure 4.38: Comparison of load versus mid-span deflection response for deep beam (D204),
(Lertsrisakulrat et al, 2002) specimens.
Figure 4.39: Comparison of load versus mid-span deflection response for deep beam (D208),
(Lertsrisakulrat et al, 2002) specimens.
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Figure 4.40: Comparison of load versus mid-span deflection response for deep beam (D400),
(Lertsrisakulrat et al, 2002) specimens.
Figure 4.41: Comparison of load versus mid-span deflection response for deep beam (D404),
(Lertsrisakulrat et al, 2002) specimens.
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Figure 4.42: Comparison of load versus mid-span deflection response for deep beam (D408),
(Lertsrisakulrat et al, 2002) specimens.
Figure 4.43: Comparison of load versus mid-span deflection response for deep beam (D600),
(Lertsrisakulrat et al, 2002) specimens.
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Figure 4.44: Comparison of load versus mid-span deflection response for deep beam (D604),
(Lertsrisakulrat et al, 2002) specimens.
Figure 4.45: Comparison of load versus mid-span deflection response for deep beam (D608),
(Lertsrisakulrat et al, 2002) specimens.
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Figure 4.46: Comparison of peak load and peak deflection for Lertsrisakulrat et al, 2002
specimens (D200 to D608).
4.6 Evolution of Crack Pattern and Failure Modes
Loading of RC structural elements leads to development of tensile fractures in its critical
cross-sections. Such fractures often follow complex patterns. Typically, smaller cracks join
into major cracks which then tend to propagate based on the orientation of the tensile
stresses and other surrounding small cracks. The roughness of the crack interface and the
full interaction between steel bars and concrete material generate additional stresses due to
the resistance across their interface. The interface stresses decrease when the cracks open.
In the TM simulation, graphically the fracture mechanisms in a beam are represented
graphically by color coding all elements that exceed the strain of their tensile strength (ft)
as the incremental loading is processed. Similarly, the reinforcing steel is color coded to
identify yielding.
Failure mechanism modes of RC concrete beams under flexure and shear forces are illus-
trated in Figure 4.47. The shallow beam B1 of Au and Bai, 2007 and the deep beam D404
of Lertsrisakulrat et al, 2002 are selected to demonstrate the progressive cracking and failure
modes through stages of the external applied displacement.
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One half of the symmetric beam B1 and the full beam (D404) are demonstrated. An
imposed point displacement is applied in the center of the beams. Both beams are simply
supported. It can be noted that, both beams are subjected to large internal bending moment
at the center and large shear forces between the location of the applied load and the support
(web shear span).
4.6.1 Failure modes
Three failures modes are typically observed in reinforced concrete structures as demon-
strated in Figure 4.47:
1. Flexure failure: cracks are vertical and mainly occur in the middle third of the beam.
These cracks produced due to dominant flexural stresses and small shear stresses. As
the external loading increases, additional cracks develop in the mid-span and propagate
deeper towards the neutral axis.
2. Diagonal tension failure: this type of failure occurs in beams, where shear loading is
dominant. For beams subjected to concentrated loads, the cracks propagate with fine
flexural cracks at the mid-span and then widen along the longitudinal reinforcement
until one of the diagonal cracks turns towards the point load. These cracks are observed
at shear span/depth ratio in the range (2.5-5).
3. Shear compression failure (web shear crack): “this type of failure is common in short
beams with a/d ratio between 1 and 2.5. It’s called a web shear crack, it’s crushing
the concrete in the compression zone due to vertical compressive stresses developed in
the vicinity of the load” [Solrun, 2012].
The progressive failure in beams can be captured and demonstrated by TM. For the
shallow beam (B1) in Figure 4.48, it is observed that, no cracks are apparent in the initial
loading is applied on the beam. Tension vertical cracks due to flexure start to form as the
imposed deformation increases as shown in Figure 4.49. This type of cracks is caused by
bending moments.
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Figure 4.47: Failure Modes.
As further increase of the imposed displacement (Figure 4.50), the vertical cracking are
accompanied by same diagonal cracks as well. At this stage there is no cracking observed
around the supports.
Additional loading (imposed displacement) result in more vertical, horizontal and diago-
nal members cracking which now extends gradually towards the support (Figure 4.51) until
the beam reaches a critical load when the bottom longitudinal reinforcement starts yielding
(white color) as demonstrated in Figure 4.52.Complete collapse occurs at the final stage of
loading when the cracked elements result in an unstable structure as shown in Figure 4.53.
Figure 4.48: Crack pattern observed at 1.5% (0.00075m) of the imposed displacement for
shallow beam B1.
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Figure 4.49: Crack pattern observed at 5% (0.0025m) of the imposed displacement ( δ
L
=
0.0009) for shallow beam B1.
Figure 4.50: Crack pattern observed at 12% (0.006m) of the imposed displacement ( δ
L
=
0.0023) for shallow beam B1.
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Figure 4.51: Crack pattern observed at 20% (0.01m) of the imposed displacement ( δ
L
=
0.0038) for shallow beam B1.
Figure 4.52: Crack pattern observed at 28% (0.014m) of the imposed displacement ( δ
L
=
0.0053) for shallow beam B1.
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Figure 4.53: Crack pattern observed at100 % (0.05m) of the imposed displacement for shallow
beam B1.
The deep beam D404, is shown in Figure 4.54, and sustains no cracking at the early
stages of loading.
Upon further loading (Figure 4.55), vertical cracks can be seen, while the major portion
of the beam remains un-cracked.
As the loading on the beam increases further, one large web-shear crack develops which
connects the point of load application (from support to mid-support), as described in Fig-
ure 4.56. At this stage, members located along the struts are cracked and transverse rein-
forcement start yielding (distinguished with white color). Figure 4.57, presents the ultimate
state, when the beam is not capable of carrying further load. Yielding of shear reinforcement
extends along the struts and concrete becomes weaker resulting in to complete collapse, see
Figure 4.57.
It can be seen in Figure 4.58 that, the diagonal cracks in the experimental beam are not
symmetrical, as illustrated in the TM cracks pattern. That is due to heterogeneity of the
concrete material which is modeled as a homogenous material in the TM model. Figure 4.59
shows the deformation of the beam after the complete collapse occurred due to yielding in
the shear reinforcement.
Finally, Figure 4.60 demonstrates the diagonal shear cracks that occurred in the beams
which have no shear reinforcements as in beam 10.3-1.Yielding in the steel reinforcement at
bottom and top is observed as well.
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Figure 4.54: Crack pattern observed at 5% (0.00035m) of the imposed displacement ( δ
L
=
0.00025) for deep beam D404.
Figure 4.55: Crack pattern observed at 10% (0.0007m) of the imposed displacement ( δ
L
=
0.0005) for deep beam D404.
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Figure 4.56: Crack pattern observed at 85% (0.006m) of the imposed displacement ( δ
L
=
0.0043) for deep beam D404.





Figure 4.58: Experimental Crack pattern observed at final failure of the beam D404.
Figure 4.59: Crack pattern observed at the final failure of the deep beam D404.
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This chapter presents the simulation of square reinforced concrete columns subjected to
concentric loading. A column is discretized into a network of concrete and steel truss elements
connected at nodes. The materials of the truss elements are modeled using the constitutive
model described in sections 3.2 and 3.3. Simulations of published physical experiments
have been performed to evaluate the capability of the TM to simulate columns subjected
to concentric loading. Different types of tie configurations have been examined. Parametric
study has been carried out to examine the effect of factors such as the compressive strength
of concrete, the geometric configurations of the transverse steel, and the transverse steel
content.
5.1 Model Calibration
The sensitivity of the correction factor (CF) of the cross sectional areas of the truss con-
crete elements is investigated on the performance of the numerical simulation of columns.
No fitting of data, such as adjusting of material parameters, is attempted to improve the
comparisons. It is found that, the correction factor CF is not affected by the material prop-
erties of the concrete strength fc′ when CF is equal to one. Therefore, the model calibration
of beams adopted in section 4.2 is not applicable for the simulation of the reinforced concrete
columns. This is expected, since the strength based section of element cross-section is based
in pure compression loads such as those applied to the columns examined here.
5.2 Simulation of Geometry
Modeling of geometry can be refined to any desired level of element size (Figure 5.1 a and
b). It should be noted however that, practically this is not applicable for the reason that,
3-D refinements can quickly result in very time consuming solutions. Thus, reinforcement to
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an efficient size is desirable. The procedure shown in Figure 5.1c is considered for meshing.
The concrete cover may be neglected by shifting the longitudinal reinforcements to the outer
corners to keep the same cross sectional area of column as demonstrated in Figure 5.1 c.
Consequently, ties are placed at each interval and the equivalent volumetric ratio is taken into
consideration for each problem. The finite element size discretization and the arrangement
of the reinforcement based on this procedure do not have a significant effect on the column
response.
Figure 5.1: Simulation of Columns specimens.
5.3 Effect of Mesh Refinement
The mesh size of the finite element simulation is investigated here to examine its sensitiv-
ity to the column response. The analysis is carried out for three different meshes, (fine (A),
intermediate (B) and coarse (C)) with relative finite element sizes of 1:1.5:2. Two column
specimens tested bySheikh and Uzumeri, 1980 and Razvi and Saatcioglu, 1996 are picked to
illustrate the mesh sizes effects. The two selected specimens are 4D6-24 and CS19 respec-
tively, and both have two different types of tie configurations. Comparisons of experiments
and simulations in terms of Load-Strain and tie configurations are presented in Figure 5.2
and Figure 5.3.
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Figure 5.2: Mesh sensitivity for column specimens (4D6-24) by Sheikh and Uzumeri, 1980.
Figure 5.3: Mesh sensitivity for column specimens (CS19) by Razvi and Saatcioglu, 1996.
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The simulations of the response of specimens (4D6-24) and (CS19), show that the three
different meshes (A, B, and C) have little influence on the full response of the column as
demonstrated in Figure 5.2 and Figure 5.3.
5.4 Validation of TM for Columns Using Available Experimental Results
To validate the accuracy of the developed model (TM), verification of several published
experimental results on columns has been performed. A wide range of reinforcement config-
urations and material properties of different size concrete columns under concentric load are
investigated.
The finite element computer code 3D-Columns was developed to implement the 3-D
analysis of concrete columns using nonlinear TM. Reinforcement is modeled assuming perfect
bonding with concrete when concrete has not failed by sharing the same nodes of concrete
elements. Displacement-controlled loading of the columns is applied where both column
ends are fixed and the top end is loaded by imposed axial displacement. Columns are loaded
monotonically to failure by applying a small increment of axial displacement at a time to
secure converge of solution and provide sufficient resolution of the load deformation relation.
.
5.4.1 Comparisons with Experimental Data
A total of 19 square columns are presented in Table 5.1, Table 5.2, Table 5.3, Table 5.4,
Table 5.5, Table 5.6, Table 5.7 and Table 5.8. Simulations of the columns experiments are
performed and the numerical results are compared to the experimental data presented by
Sheikh and Uzumeri, 1980, Scott et al., 1982 and RazviI and Saatcioglu, 1989 and Razvi and
Saatcioglu, 1996.
The comparisons between experimental results and numerical predictions are presented in
Figure 5.4, Figure 5.5, Figure 5.6, Figure 5.7, Figure 5.8, Figure 5.9, Figure 5.10, Figure 5.11,
Figure 5.12, Figure 5.13, Figure 5.14, Figure 5.15, Figure 5.16, Figure 5.17, Figure 5.18,
Figure 5.19, Figure 5.20, Figure 5.21 and Figure 5.22.
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Table 5.1: Geometry and reinforcements of Sheikh and Uzumeri, 1980 specimens
No Researchers
Geometry
Specimen Section Height Configuration
Notation [mm] [mm]
1 2A1-1
305 Ö 305 1955
2 4A3-7
3 4A4-8
4 Sheikh and 4A1-13






Table 5.2: Properties of material for Sheikh and Uzumeri, 1980 specimens.
NO f ′c[Mpa]
Longitudinal Reinforcement Transverse Reinforcement
No. Dia. Yield Strength Dia. Spacing Yield Strength Volumetric
of Bars [mm] fy [Mpa] [mm] [mm] fyt [Mpa] Ratio[%]
1 37.507
8
15.875 371.63 4.763 57.15 455.054 0.8
2 40.89
22.225 384.73




4 31.3 57.15 475.74 0.8
5 33.44
12 19.05 391.62
7.938 101.6 399.9 1.8
6 34.68 4.763 38.1 544.69 1.7
7 35.508 0.25 47.752 489.53 2.4
8 35.508
12 19.05 391.62
7.938 82.55 386.11 1.6
9 35.853 4.763 28.702 530.9 1.7
10 35.853 0.25 38.1 475.74 2.3







Scott et al. 1980
Unit 2
450 Ö 450 1200
12 Unit 6
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Table 5.4: Properties of material for Scott et al, 1980 specimens.
NO f ′c[Mpa]
Longitudinal Reinforcement Transverse Reinforcement
No. Dia. Yield Strength Dia. Spacing Yield Strength Volumetric






12 8 24 394 1.74







160 Ö 160 460
14 Razvi and 4
15 Saatcioglu. 1989 7
16 15
17 16
Table 5.6: Properties of material for Razvi and Saatcioglu, 1989 specimens.
NO f ′c[Mpa]
Longitudinal Reinforcement Transverse Reinforcement
No. Dia. Yield Strength Dia Spacing Yield Strength Volumetric
















17 29 16 35 2.68












Table 5.8: Properties of material for Razvi and Saatcioglu, 1996 specimens.
NO f ′c[Mpa]
Longitudinal Reinforcement Transverse Reinforcement
No. Dia. Yield Strength Dia. Spacing Yield Strength Volumetric








19 60 400 120 1.74
It can be seen in all cases that the predictions are in good agreement with the experimental
observations. The comparisons also contain the nominal column capacity as per ACI 318-
08-eq (10-2). The ACI equation is reproduced here for the convenience of the reader.
Pn = 0.85f
′
c(Ag − As) + Asfy (5.1)
where Ag is gross area of concrete section and As is the total area of longitudinal rein-
forcement. f ′c and fy are the concrete compressive strength and the steel yielding strength
respectively.
Figure 5.4: Comparisons of experimental and predicted results: column (2A1-1) in Sheikh
and Uzumeri [1980].
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Figure 5.5: Comparisons of experimental and predicted results: column (4A3-7) in Sheikh
and Uzumeri [1980].
Figure 5.6: Comparisons of experimental and predicted results: column (4A4-8) in Sheikh
and Uzumeri [1980].
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Figure 5.7: Comparisons of experimental and predicted results: column (4A1-13) in Sheikh
and Uzumeri [1980].
Figure 5.8: Comparisons of experimental and predicted results: column (4B3-19) in Sheikh
and Uzumeri [1980].
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Figure 5.9: Comparisons of experimental and predicted results: column (4B4-20) in Sheikh
and Uzumeri [1980].
Figure 5.10: Comparisons of experimental and predicted results: column (4B4-21) in Sheikh
and Uzumeri [1980].
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Figure 5.11: Comparisons of experimental and predicted results: column (4D3-22) in Sheikh
and Uzumeri [1980].
Figure 5.12: Comparisons of experimental and predicted results: column (4D4-23) in Sheikh
and Uzumeri [1980].
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Figure 5.13: Comparisons of experimental and predicted results: column (4D6-24) in Sheikh
and Uzumeri [1980].
Figure 5.14: Comparisons of experimental and predicted results: column (2) inScott et al.
[1982].
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Figure 5.15: Comparisons of experimental and predicted results: column (6) in Scott et al.
[1982].
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Figure 5.16: Comparisons of experimental and predicted results: column (3) in RazviI and
Saatcioglu [1989].
Figure 5.17: Comparisons of experimental and predicted results: column (4) in RazviI and
Saatcioglu [1989].
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Figure 5.18: Comparisons of experimental and predicted results: column (7) in RazviI and
Saatcioglu [1989].
Figure 5.19: Comparisons of experimental and predicted results: column (15) in RazviI and
Saatcioglu [1989].
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Figure 5.20: Comparisons of experimental and predicted results: column (16) in RazviI and
Saatcioglu [1989].
Figure 5.21: Comparisons of experimental and predicted results: column (CS19) in Razvi
and Saatcioglu [1996].
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The TM developed here provides a tool to examine the effects of different design variables
such as the concrete strength, the amount of lateral reinforcement and the configuration of
lateral reinforcement.
A total of 16 numerical examples of concrete columns are examined in this parametric
study. The details of the numerical examples are presented in Table 5.9. The configurations
considered as shown in Figure 5.23:
Figure 5.23: Steel configurations considered for parametric study.
All specimens are 400 mm square and 1200 mm long. The yield strength of longitudinal
and lateral steel is 450 Mpa.
5.5.1 Effect of Compressive Strength of Concrete
The effect of concrete compressive strength fc′ for tie configurations (A-E) is presented
in Figure 5.24, Figure 5.25, Figure 5.26, Figure 5.27 and Figure 5.28. All numerical examples
have the same total cross sectional area of axial reinforcement and the same quantity of tie
steel content (1.5%) and yield strength of steel (450 MPa). Three different concrete strengths
(30 MPa, 60 MPa and 90 MPa) are examined.
In all specimens, increase in concrete strength results in a steeper load gain with deforma-
tion, and thus higher modulus of elasticity. It is also seen that, in higher concrete strength
specimens, the post-peak region becomes softer when transverse configuration is ineffective
(Figure 5.24). As a result, enhanced tie configurations becomes more important when high
compressive strength of concrete is desired.
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Table 5.9: Details of the numerical examples.
Configuration
Longitudinal Transverse
Numerical fc’ Reinforcement Reinforcement
specimens [Mpa] Ext Int Ext Ties Int Ties Spacing Volumetric







2-B B 4-16 mm 4-12 mm
10 mm
85
3-C C 4-14 mm 8-10 mm 90
4-D D 4-16 mm 4-12 mm 75
5-E E 4-14 mm 8-10 mm 100
6-A A
60
4-20 mm - - 50
7-B B 4-16 mm 4-12 mm
10 mm
85
8-C C 4-14 mm 8-10 mm 90
9-D D 4-16 mm 4-12 mm 75
10-E E 4-14 mm 8-10 mm 100
11-A A
90
4-20 mm - - 50
12-B B 4-16 mm 4-12 mm
10 mm
85
13-C C 4-14 mm 8-10 mm 90
14-D D 4-16 mm 4-12 mm 75
15-E E 4-14 mm 8-10 mm 100
Figure 5.24: Effect of varying compressive strength of concrete for tie configuration (A).
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Figure 5.25: Effect of varying compressive strength of concrete for tie configuration (B).
Figure 5.26: Effect of varying compressive strength of concrete for tie configuration (C).
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Figure 5.27: Effect of varying compressive strength of concrete for tie configuration (D).
Figure 5.28: Effect of varying compressive strength of concrete for tie configuration (E).
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5.5.2 Effects of Configurations of Transverse Reinforcement
Effects of different tie configurations on the response of columns have been examined
in this section for concrete compressive strength (30MPa). All specimens have the same
geometry and material properties but different tie configurations as shown in Table 5.9. The
effects of different tie configurations are demonstrated in Figure 5.29. In general, the effects
of tie configurations are not very significant, which is consistent with the ACI code approach
to column capacity design, which does not depend on tie configurations.
Figure 5.29: Effect of confinement configurations on column strength (fc’=30MPa).
Within the relatively small range of performance differences, it is observed that configu-
ration E is the most efficient, while configuration A performs the worst.
5.5.3 Effects of Transverse Steel Content
To investigate the effects of transverse reinforcement content, numerical examples are
presented here for three types of tie configurations, A, B and D, see Figure 5.23. The
simulated specimens 1-A, 2-B and 4-D from Table 5.9 are selected for this purpose. The
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transverse reinforcement ratios were taken between 0.25 % as a very low ratio and 10 % as
a very high ratio. The results are demonstrated in Figure 5.30, Figure 5.31 and Figure 5.32.
Tie spacing is maintained constant in all cases. It is apparent that, there is an improvement
in the specimens’ strength when the volumetric ratio of tie reinforcement is increased up to
an upper limit value. The improvement in the strength and ductility is attributed to the
enhancement of the developed lateral confining pressure.
Figure 5.30: Effect of ties content for numerical specimen (1-A).
In all cases within the ranges displayed, for each type of the studied configurations, the
magnitude of the tie steel content has an upper limit as demonstrated in the Figure 5.30,
Figure 5.31 and Figure 5.32 (black dashed line). As a result, even though the tie steel
content increased to a very high ratio, (for instance 10%), the specimens’ gain in strength
and ductility is minimal above this upper limit. It is found that, the upper content ratio
of the lateral steel varies based on ties arrangement. For the configurations studied here,
the upper limits of the content for the configurations A, B and D are 2.6 %, 4.5% and
3.7% respectively, see the Figure 5.33. It is interesting to note that whereas for smaller
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Figure 5.31: Effect of ties content for numerical specimen (2-B).
Figure 5.32: Effect of ties content for numerical specimen (4-D).
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transverse steel content (<1.5%) the effect of tie configuration is small (as discussed in the
previous section), for large transverse steel content, the effect of tie configuration becomes
more significant.




This study develops and implements a non-linear 3D truss model (TM) to simulate the
response of concrete elements to loads. The approach is novel and is intended to provide
both a research and a design tool to examine complex RC elements. The implementation
of 3D TM includes a development of an advanced mesh generator, a graphical pre-and
post-processor and the solution of the non-linear problem, including addressing instabilities
due to local failures and softening response. The problems addressed in this study include
RC beams (shallow and deep) and columns. The concrete and steel truss elements are
modeled based on advanced constitutive fracture laws that take into consideration the ductile
elastoplastic behavior of steel, and the hardening, and softening characteristics of concrete
and the effects of confinement. The computation advantages, as well as the challenges
of this approach are discussed. The TM approach is calibrated and validated based on
comprehensive experimental observations. The TM of this analysis is a research tool allows
inexpensive computational experiments. As a result, a parametric study is presented to
examine the effects of the concrete strength, the amount of lateral reinforcement and the
configuration of lateral reinforcement.
6.1 Conclusion
The following conclusions are drawn from the outcomes of this research effort:
1. The TM provides a useful tool to examine the behavior of complex concrete elements.
2. The implementation of one-dimensional stress-strain relations in the TM allows for
easy implementation of complex hardening-softening material response.
3. Adopting the secant modulus of the full stress strain curve for concrete eliminates the
softening effects in the problems associated with negative incremental stiffness.
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4. A calibration of the cross sectional areas of the truss concrete elements as a function of
fc’ is necessary, and varies with the type of the problem (shallow beams, deep beams,
columns).
5. The quantitative capability of the TM is evaluated by performing extensive simulations
of actual experiments for beams (shallow and deep) and columns. The TM exhibits
reasonable ability to predict the response of structural elements subjected to a variety
of loading conditions.
6. The implementation of the TM to simulate the response of shallow RC beams demon-
strates a consistent capability to describe the behavior of these beams and predict
with satisfactory accuracy their strength and ductility. This is demonstrated based on
comparisons of the model predictive capability with shallow beams of variety concrete
strength, level of reinforcement, etc.
7. Both flexural and shear crack pattern development with loading can be captured by the
TM. Flexural failure is often observed in beams with large web shear ratio (a/d > 2.5)
while web shear failure is observed in beams with ratio a/d ≤ 2.5.
8. The TM provides an excellent research tool to examine the effects of design parameters
including concrete strength, amount of transverse reinforcement and configuration of
transverse reinforcement.
9. Prediction studies with the TM demonstrate that the post-peak strength region be-
comes softer in high concrete strength than in normal concrete strength. This is at-
tributed to the effectiveness of confinement which decreases as the compressive strength
increases. As a result, issues of ductility must be addressed if the high compressive
strength of concrete is desired.
10. The effects of the configuration of the transverse reinforcement in columns were found
to increase with the increase of the transverse reinforcement content. This observation
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has interesting research as well as design implications. It is clearly demonstrated that
more confining configuration of the transverse reinforcement can be beneficial to the
structure if such reinforcement is provided in sufficient quantities.
11. It was also observed that increase of confining reinforcement result in strength and
ductility improvements of columns. However, it was also found that there is a transverse
reinforcement ratio beyond which the ductility and strength improvement are minimal.
12. The upper limit ratio has a different values based on the configuration type. Exceed-
ing these limits leads to concrete crushing. The upper limits of the content for the
configurations A, B and D are 2.6 %, 4.5% and 3.7% respectively for concrete strength
(f ′c = 30MPa).
6.2 Future Researches
The results drawn from the TM analysis and its capability to simulate RC structures en-
courage researchers to improve LMs in future researches. It is expected that, the applications
of TM can be extended to include more types of RC slabs and walls. Implementing a proper
constitutive model of the concrete plays a significant role on the numerical analysis which
needs to be addressed well. The performance of the TM in simulating concrete behavior
provides incentives for future research improvement. Calibration of the model to address
slabs with concentrated forces, such as bridge deck and columns subjected to eccentric loads
is a high priority. Expansion of the model to account for cyclic and other dynamic loads must
also be pursued. Improvements of the model to introduce a more efficient way to account
for confinement are also recommended. Finally, studies should be performed to account for
statistical spatial variation of concrete strength within a single structure.
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